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We investigate the transport properties of a junction consisting of an electron-hole bilayer in
contact with normal and superconducting leads. The electron-hole bilayer is considered as a semi-
metal with two electronic bands. We assume that in the region between the contacts the system hosts
an exciton condensate described by a BCS-like model with a gap Γ in the quasiparticle density of
states. We first discuss how the subgap electronic transport through the junction is mainly governed
by the interplay between two kinds of reflection processes at the interfaces: The standard Andreev
reflection at the interface between the superconductor and the exciton condensate, and a coherent
crossed reflection at the semi-metal/exciton-condensate interface that converts electrons from one
layer into the other. We show that the differential conductance of the junction shows a minimum
at voltages of the order of Γ/e. Such a minimum can be seen as a direct hallmark of the existence
of the gapped excitonic state.
PACS numbers: 74.45.+c,71.35.-y,73.20.Mf
Introduction.— Semimetals (SMs) could undergo at
sufficiently low temperatures, a phase transition into an
insulating state described by electron-hole bound pairs.
These pairs form a so-called exciton condensate (EC),
as theoretically predicted a long time ago, [1–3] and
one refers to the system being in an excitonic insulating
phase. The ground state of such a phase can be described
with the help of a BCS-like theory, in analogy to the su-
perconducting phase. However, the coupling strength in
an excitonic insulator is expected to be even weaker than
in a superconductor (S). Furthermore, electron-hole re-
combination can be quite fast, thereby preventing the
formation of the condensate. For these reasons the EC
remains an elusive phase of matter [1, 2, 4]. Possible SM
candidates suggested to undergo a transition to the ex-
citonic insulating phase with an EC are transition-metal
dichalcogenide TiSe2 [5, 6] and HgTe QWs with a thick-
ness of 20 nm [7–9]. However, there is no conclusive
evidence for an EC in such systems. So far the most
successful attempt to obtain an EC is based on the con-
densation of excitons coupled to light confined within
CdTe/CdMgTe micro-cavities — the so-called exciton-
polaritons [10].
Besides bulk semi-metals, there have been several pro-
posals to create an EC in systems with spatially sep-
arated electron and hole gases in order to reduce the
electron-hole recombination rate. The exciton formation
in such electron-hole bilayers can be detected by Coulomb
drag measurements [11–16]. According to the theory, if
the excitons form a condensate one expects a disconti-
nuity in the drag at the critical temperature and a di-
vergence when T → 0 [17]. Although certain anomalies
of the Coulomb drag as a function of temperature have
been observed [11, 12], it is hard to attribute them to the
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FIG. 1: (a) Sketch of the electron-hole bilayer with the two
normal (NT/B) and two superconducting electrodes (ST/B),
the EC region in the middle has length L. Energy spectra for
the SM region (b), the EC region (c), and SSM one (d).
formation of an exciton condensate.
The primary motivation of this Letter is to propose and
explore an additional type of measurements to validate
the existence of an EC in electron-hole bilayers. Instead
of measuring the Coulomb drag, we suggest to perform a
differential conductance measurement using normal and
superconducting electrodes (see Fig. 1), so to directly
unveil the presence of the excitonic gap. We show that
the transport at low voltages is determined by the com-
petition between the intra-layer Andreev reflection and
the inter-layer normal reflection between the SM and the
EC parts of the system. The latter process is analogous
to the one introduced by Rontani and Sham for direct
SM/EC interfaces [18–20]. We discuss the competition
between these two type of reflections as a function of the
length of the EC region and show that this competition
leads to a minimum of the full differential conductance
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2at a voltage V0 of the order of the EC order parameter.
Model and Formalism.— We consider an ideal two-
dimensional electron-hole bilayer, characterized by two
parallel two-dimensional electron gases with opposite
particle filling, as illustrated in Fig. 1(a) — the top layer
(TL) is “electron-doped” whereas the bottom layer (BL)
is “hole-doped”. By gating the two layers independently
it is possible to modulate the band overlap G between the
bands of the TL/BL [21]. We assume a spatial modula-
tion along the x-axes of the Coulomb interaction in the
electron-hole bilayer. In the parts of the bilayer covered
by the metallic electrodes, the charge screening allows
neglecting the Coulomb interaction. Thus the left and
right parts of the system, are described by a SM con-
sisting of two bands — one from each layer — crossing
at the Fermi level [see Fig. 1(a)]. Due to the proximity
effect, we assume an induced superconducting gap ∆ on
the part of the layers below the S contacts [see Fig. 1(c)].
In the region between the contacts the reduced screening
results in an indirect EC described by the order param-
eter Γ [21] [see Fig. 1(b)].
To be precise, the structure shown in Fig. 1(a) is mod-
elled as a SM, i.e., Γ = ∆ = 0, in contact with a central
region of length L with a finite EC coupling (Γ 6= 0 and
∆ = 0). In the region x > L we assume ∆ 6= 0 due to
the proximity from the S electrodes [22] and Γ = 0. We
denote this region as SSM. This junction is described by
the following Hamiltonian written in an extended Nambu
space [23]:
HHyb =

p2
2m −G Γ(x) ∆(x)eiφ 0
Γ(x)∗ G− p22m 0 ∆(x)eiφ
∆(x)e−iφ 0 G− p22m −Γ(x)
0 ∆(x)e−iφ −Γ(x)∗ p22m −G
 ,
(1)
where
Γ(x) = ΓΘ(x)
(
1−Θ(x− L)) , (2a)
∆(x) = ∆Θ(x− L) , (2b)
and Θ(x) is the Heaviside step function. The Hamil-
tonian (1) is written in the basis defined by the bi -
spinor Ψ = (ψTL,σ, ψBL,σ, ψ
†
TL,−σ, ψ
†
BL,−σ), where σ is
the spin [23, 24]. We account for possible elastic re-
flection at the SM/EC and EC/SSM interfaces by in-
troducing delta-barriers in the system Hamiltonian [25],
Hint = HSM/ECδ(x) +HEC/SSMδ(x− L). This reflection
can be ascribed, for example, to the mismatch of the
Fermi wave vector in the different regions [26].
We analyse the scattering properties of this hybrid
SM/EC/SSM junction by matching the scattering states
at each interface separating these three regions [27]. In
the SM region, there is no coupling between the TL and
BL nor between electron/hole of the same layer. Thus,
we can consider an electron (hole) in the TL (BL) as an
initial scattering state. In the middle, EC, region, there is
a finite coupling between electrons of TL and BL propor-
tional to Γ. And in the SSM region the superconducting
pairing ∆ couples electrons and holes within the same
layer.
We summarize all possible processes that an incoming
electron from the TL of the SM at energies smaller than
Γ and ∆, may experience. If we look at the SM/EC in-
terface the electron can be either normal reflected in the
same layer with amplitude — rN,T→T ≡ rNTT, or in the
opposite layer — rN,T→B ≡ rNTB. The latter process re-
sembles the Andreev reflection at the S/N interface and
was studied by Rontani and Sham in Ref. [18–20]. It
results in an exciton in the EC region. Whereas at the
EC/SSM interface the electron can be Andreev-reflected
into a hole either in the same layer — rA,T→T ≡ rATT,
or into the other layer — rA,T→B ≡ rATB. It is inter-
esting to notice that the reflection amplitude rATB is
the analog to the Andreev specular-reflection in Dirac-
material/superconductor hybrid junctions [22].
For energies higher than the EC gap, E > |Γ|, the par-
ticles travel through the EC region as propagating waves.
In contrast, for E < |Γ|, the quasi-bound states are
characterized by complex momenta describing evanescent
modes. The characteristic decay length of these modes
ξΓ, is energy dependent and given by:
ξ−1Γ =
√√√√1
2
(
χQ +
√
χ2Q +
4m2
~4
(Γ2 − E2)
)
. (3)
where χQ = Q
2 − 2mG~2 , here Q is the momentum par-
allel to the interfaces that is conserved in the scattering
process [27]. When the band overlap G is the dominant
energy scale, i.e., G max[Γ,∆, E ], the EC characteris-
tic length scale is approximated by
ξΓ =
4~
√
mG3
Γ(4mG+Q2~2)
. (4)
In what follows, we focus on the subgap transport, i.e. we
consider the injection of electrons from the TL with en-
ergies smaller than the SSM gap, E < |∆|. Furthermore,
we also assume that Γ < ∆ < G. The probability for the
four possible reflection channels in the SM electrode are
then given by [27]:
RNTT(α) = |rNTT(α)|2 , (5a)
RNTB(α) = |rNTB(α)|2
∣∣∣∣ Im[κ−]κ+ (α)
∣∣∣∣Θ(G− E) , (5b)
RATT(α) = |rATT(α)|2
∣∣∣∣ Im[κ−]κ+ (α)
∣∣∣∣Θ(G− E) , (5c)
RATB(α) = |rATB(α)|2 , (5d)
where α is the injection angle. For angles larger than
a critical αc = arcsin[±
√| G− E |/E +G], RNTB =
3FIG. 2: RNTB reflection (blue surface) and RATT (orange
surface) reflection as a function of the length of EC region L
and injection energy E , both surfaces are shown for injection
energies up to ∆. Here, we have used Γ = 1, ∆ = 2Γ, G =
100Γ, and normal incidence α = 0.
RATT = 0 because of the lack of propagating states on the
TL/BL. The actual form of the reflection and transmis-
sions amplitudes are obtained by solving the scattering
problem at the two interfaces [27].
Results.— We now analyze the dependence of the
probabilities (5) on the length of the EC region. In
the limiting case L = 0 the system consists of a simple
SM/SSM junction. In this case, the absence of the EC
leads to rNTB = 0. Moreover, rATB also vanishes and the
results for a clean interface coincide with the standard
N/S junction case [25, 27]. Here we stress the analogy
between the interlayer Andreev reflection and the specu-
lar Andreev reflection typical of SM with Dirac spectrum
again [22, 28, 29]. If there is no EC then electrons from
the TL and BL are decoupled, and hence all reflections
occur within the same layer only.
We now focus on the more interesting case of a finite
EC region, L 6= 0. In Fig. 2 we present the reflections
RNTB and RATT as a function of the injection energy
and length of the EC region for a normal injection angle
(α = 0). For a length smaller than ξΓ, the probability
for an injected electron in the TL to reach the EC/SSM
interface is large. The electron is then Andreev reflected
as a hole of the same layer. This explains that for small
L, the Andreev reflection, RATT, dominates over the in-
terlayer one, RNTB, at all energies.
By increasing the length of the EC region, the prob-
ability to reach the EC/SSM interface, for an injected
electron with energy E < Γ decreases and hence the
RATT processes are suppressed, whereas the RNTB ones
are enhanced. The crossover between these two behav-
iors depends on the injection energy. In the limiting case
L  ξΓ the probability for the injected TL electron of
reaching the SSM electrode is exponentially small and
the system behaves as a SM/EC junction with the re-
flection probability RNTB = 1 [18, 19]. For injection en-
ergies larger than the EC gap |Γ| (but smaller than ∆),
all electrons propagates towards the EC/SSM interface
and hence Andreev processes dominate, whereas RNTB
decreases to zero by increasing the injection energy. The
oscillatory behavior we observe for this energy range is a
feature of quasi-bound states in the EC region.
Analytically we can calculate the reflection proba-
bilities (5b) and (5c) in the short-junction limit, δ =
L/ξΓ  1 within the Andreev approximation, i.e. G 
Max[E ,∆,Γ]. In this limits and for zero injection angle
α = 0, we obtain
RNTB = 4δ
2 E2Γ2
∆2(Γ2 − E2) , (6a)
RATT = 1− 4δ2 E
2Γ2
∆2(Γ2 − E2) , (6b)
RNTT = 0 . (6c)
These expressions are in agreement with the numerical
results shown in Fig. 2 within the small L region. No-
tice that for the large value of G chosen, G = 100Γ, the
probability for the reflection RATB is negligibly small.
However, if one choose a smaller G and a larger injection
angle α, RATB is finite [27]. In this latter case both types
of Andreev reflections, RATB and RATT, may take place
simultaneously. This differs from the case of retro- and
specular-Andreev reflections in SM with Dirac spectrum,
where one or the other is finite by crossing the charge
neutrality point [22, 28, 29].
To make a connection with possible transport experi-
ments, we now turn the focus upon the differential con-
ductance (DC), which is a quantity accessible in conven-
tional transport experiments. For this purpose, we as-
sume that the two left normal contacts are placed at the
same potential V and that the two right superconduct-
ing contacts are grounded. The DC can be expressed
in terms of the reflection probabilities (5), by using a
generalized expression based on the Blonder-Tinkham-
Klapwijk formula [25, 30],
∂I
∂V
= G0(eV )
∫ pi
2
0
∑
β∈{T,B}
[
1−RNTβ(eV, α) (7)
+RATβ(eV, α)
]
cosαdα .
Here G0(eV ) is the differential conductance of the normal
state.
Figure 3(a) shows the DC as a function of the injection
energy, which is proportional to the applied voltage, and
for different values of the length L. Notice first that the
DC is not equal to 2G0 for L = 0. This is a consequence
of considering a finite chemical potential [22]. For a finite
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FIG. 3: Panel (a): Differential conductance as a function of
the applied bias and for different lengths L of the EC region,
the various lines correspond to Γ = 1, ∆ = 4Γ, G = 100Γ
and HL = HR = 0. Panel (b): Differential resistance as a
function of the applied bias and different length of the EC
region. In the figure we have set Γ = 1, ∆ = 12Γ, G = 60Γ
and HSM/EC = HEC/SSM = 0.5, The parameters are chosen in
accordance to Ref. [9, 31]. In both panels The different lines
refer to L = 0 (black-solid line), L = ξΓ/2 (red dashed line),
L = 0.7ξΓ (blue dashed-dotted line), and L = ξΓ (orange
dashed-dashed-dotted-dotted line).
length EC region the DC decreases faster as a function
of the voltage, it reaches a minimum and then increases
up to a voltage of the order of ∆. It is also worth to
notice that the DC of the normal state in the presence of
a finite EC is also smaller compared to the case without
it.
The decrease of the DC is due to a normal reflection
channel that accounts for electrons injected from the TL
and reflected into the BL. Thus, the presence of a finite
length EC region entirely accounts for the minimum
in the DC. If the length L exceeds the decay length
ξΓ, injected electrons with E < Γ rarely reach the
superconducting electrode (c.f. Fig. 2) and therefore
the DC remains small up to voltages of the order |Γ| [18].
We can obtain an analytical expression for the low
bias behavior of the DC in the short-junction limit, using
Eqs. (6), and within the Andreev approximation:
dI
dV
= G0
[
1− 8δ2 (eV )
2Γ2
∆2(Γ2 − (eV )2)
]
. (8)
According to this expression the low voltage peak in the
DC is of the order of Γ. This suggests that transport
measurement using superconducting electrodes could be
used to directly estimate the size of the order parameter
Γ.
Our results for the differential conductance may help
to understand measurements of the differential resistance
of a superconductor/HgTe-quantum well junction. The
quantum well has a width of 20 nm [9]. One of the most
striking findings in this experiment is a zero-bias peak
in the measured differential resistance [9] that can be
seen as the manifestation of an EC gap. Indeed, in the
light of our model the size of the zero-bias peak corre-
sponds to the EC gap. This comparison is shown in Fig.
3(b) where we plot the differential resistance by choos-
ing parameters consistent with the experiments on HgTe
quantum wells [9, 31]. Although the agreement between
theory and experiment looks promising we would like to
be cautious at this point because our approach assumes
a full ballistic system, whereas the samples measured in
Ref. [9] have a size of several µm, and disorder might play
a role [32]. Further experiments and analysis are needed
to draw definite conclusions.
Conclusions.— We have studied the electronic trans-
port through an electron-hole bilayer in contact with nor-
mal and superconducting electrodes. We have assumed
that the electron-hole bilayer hosts an exciton conden-
sate. The transport properties of this junctions are de-
termined by the competition of different coherent reflec-
tion processes occurring at the interfaces with the nor-
mal and superconducting electrodes. As a consequence
of this competition, the differential conductance has a
minimum at voltages of the order Γ/e, where Γ is the EC
order parameter. The observation of this minimum in
an electron-hole bilayer system represents a unique hall-
mark of the presence of the EC. Good candidates for our
proposal are double bilayer-graphene systems separated
by hexagonal boron nitrate [13, 14]. In bilayer-graphene,
superconductivity induced by proximity effect has been
already observed [28]. Moreover, from our model one
might interpret the zero bias-peak observed in the differ-
ential resistance of a HgTe quantum well/superconductor
junction as a manifestation of an EC phase.
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6The scattering states
In this section we briefly introduce the scattering states
in the three regions of the electron-hole bilayer system we
have considered in the main text, this is constituted by
a SM region on the left, an EC region of length L in the
center and a superconducting region on the right. The
scattering states in the SM region read:
ψSM = e
iQy
{[
eiκ+x + rNTTe
−iκ+x]( 10
0
0
)
+ rNTBe
iκ−x
(
0
1
0
0
)
+ rATTe
iκ−x
(
0
0
1
0
)
+ rATBe
−iκ+x
(
0
0
0
1
)}
, (9)
here Q is the component of the momentum along the y
direction. Being that we consider a translational invari-
ant interface between the three regions, the component
of the momentum parallel to this interface is a conserved
quantity in the overall scattering process. At a fixed in-
jection energy E , the momenta κ± are expressed by the
following relations [c.f. Fig. 1(b) main text]:
κ± =
√
2m
~2
(G± E)−Q2 . (10)
In the SSM region, the superconducting pairing cou-
ples electrons and holes of the same layer, but there is no
direct coupling between electrons of the two layers. The
incoming electron from the SM region can be transmit-
ted as quasi-electron or quasi-hole either in the top later
(TL) (tQET and tQHT) or bottom layer (BL) (tQEB and
tQHB). The transmitted wave function reads:
ψSSM = e
iQy
[
tQETe
ik+x
( uT
0
vTe
iφ
0
)
+ tQHTe
−ik−x
( vT
0
uTe
iφ
0
)
+tQHBe
ik+x
( 0
uB
0
vBe
iφ
)
+ tQEBe
−ik−x
( 0
vB
0
uBe
iφ
)]
.
(11)
The momenta in the SSM [c.f. Fig. 1(d) main text]
region are
k± =
√
2m
~2
(G±
√
E2 −∆2)−Q2 . (12)
The coherence factor are the uT/B and vT/B are the stan-
dard one of a s-wave superconductor, here T/B is for TL
and BL, respectively. Note that there is change of sign
between two layers, this is due to their opposite curvature
of the energy dispersion:
uT/B =
√√√√1
2
±
√
1−
(
∆
E
)
(13a)
vT/B =
√√√√1
2
∓
√
1−
(
∆
E
)
(13b)
In the middle EC region, there is a finite Coulomb cou-
pling in the electron-hole bilayer. Here the wave function
is given by counter-propagating states for the four possi-
ble states: quasi-electron/hole in TL/BL:
ψEC(x) = e
iQy
{(
a1e
iq+x + c1e
−iq+x)( uevee−iχ
0
0
)
+
(
b1e
−iq−x + d1eiq−x
)( ve
uee
−iχ
0
0
)
+
(
a2e
iq+x + c2e
−iq+x)( 00
vh
uhe
−iχ
)
+
(
b2e
−iq−x + d2eiq−x
)( 0
0
uh
vhe
−iχ
)}
. (14)
The momenta in EC region [c.f. Fig. 1(c) main text] are
defined as:
q± =
√
2m
~2
(G±
√
E2 − Γ2)−Q2 . (15)
For this case the the coherent function are very similar
to the superconducting one, they are here given by: [18]
ue/h =
√√√√1
2
+
√
1−
(
Γ
E
)
(16a)
ve/h =
√√√√1
2
−
√
1−
(
Γ
E
)
(16b)
The density plot of the four reflection channels are pre-
sented in S-Fig. 4 for the case of large and small band
overlap G. It can be observed that for small injection an-
gle ϕ the RNTB and the RATT reflection are the dominant
processes, on the other side at large angles the RNTT and
7RATB reflection are finite, but smaller than RNTB and
RATT.
The boundary conditions
The scattering amplitudes of the various scattering
processes can be obtained by imposing the continuity of
the wave function in x = 0 and x = L:
ψSM(0
−) = ψEC(0+) (17a)
ψEC(L
−) = ψSSM(L+) (17b)
the continuity of the first derivative in the same points.
When considering a possible mismatch of the Fermi ve-
locity at the interface between the various region, we can
model this via delta-barriers of strength HSM/EC in x = 0
and HEC/SSM in x = L. [25] In this case the first deriva-
tive has a jump that is opposite for the TL and BL [18]:
ψ′EC(0
+)− ψ′SM(0−) =
2mHSM/EC
~2
SzψSM(0) (18a)
ψ′SSM(L
+)− ψ′EC(L−) =
2mHEC/SSM
~2
SzψEC(L) . (18b)
where we have introduced the boundary matrix Sz de-
fined as:
Sz = I2 ⊗ σz =

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1
 . (19)
The critical angle αc
Using simple kinematic consideration we can deter-
mine the expression for the critical angle αc Eq. (4) of the
main text. We need only to account for the conservation
of the momentum parallel to the interface ky = Q. For
each of the layer involved in the transport mechanism,
momenta in polar coordinate read (see S-Fig. 5):
kβ,x = κβ cosαin (20a)
kβ,y = κβ sinαin (20b)
(20c)
with β ∈ {TL,BL}. The moduli are expressed by
κTL =
√
2m(E +G)
~
2
(20d)
κBL =
√
2m(G− E)
~
2
. (20e)
The normal reflection inside the same layer has a propa-
gation direction opposite to the incoming one, the same
is true for electrons that are converted into electrons of
the BL. For electrons injected from the TL and converted
into holes of the TL or converted into holes of the BL,
the reflection angle is given by:
αATT
NTB
= arcsin
[
~Q√
2m(G− E)
]
, (21)
for injection energies E exceeding the band overlap G, the
angle is becoming complex and the corresponding mode
becomes evanescent. By imposing 2m/~2(G−E)−Q2 ≤ 0
we can determine the critical injection angle αc:
αc = arcsin
[√
|G− E|
G+ E
]
. (22)
Case of a EC region of zero length
Here we will presents the results in the case the length
of the EC region is zero. This corresponds to a lack of
a region where carriers of the electron-hole bilayer are
coupled. Thus, the hybrid junction reduced to a SM
place in contact with a proximized SM. This corresponds
to solve the matching problem with wave function (9)
and (11). In the case of the scattering state (9), we are
considering an initial incoming electron in the TL. Using
this initial incoming state, the amplitudes for reflection
process read:
rATT =
uTvTe
−iφ
γ
(23a)
rNTB = 0 (23b)
rNTT = −Z(Z − i)(uT − vT)(uT + vT)
γ
(23c)
rATB = 0 , (23d)
whereas for transmissions read:
tQET =
uT + iuTZ
γ
(24a)
tQEB = 0 (24b)
tQHT =
ivTZ
γ
(24c)
tQHB = 0 , (24d)
here tQET/QHT is the transmission as the quasi-
electron/quasi-hole in the TL, whereas tQEB/QHB is the
transmission as the quasi-electron/quasi-hole in the BL.
For both sets of reflection and transmission we have in-
troduced the factor:
γ = u2T + Z
2(uT − vT)(uT + vT)
Here Z = 2mHint/~2 is the dimensionless strength of the
delta barrier at the SM/S interface. Importantly, all the
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FIG. 4: The four reflection channels as a function of injection angle ϕ and injection energy E . Panels (a) to (d), we have set
the band overlap to G = 100, whereas in Panels (e) to (h) we have G = 20. In all Panels Γ = 1, ∆ = 2Γ and L = ξΓ.
kx
ky(a)
(b)
FIG. 5: Panel (a): The two circle corresponding to the
Fermi surface for the top (in red) and the bottom (in blue)
layer. The momenta along the y-axes Q is conserved in the
scattering process, this produce reflection angles for normal
reflection in the TL and for hole reflection in the BL α1, this
is opposite to the incoming one αin. For the case of normal
reflection in the BL and hole reflection in the TL, the reflec-
tion angle is α2. Panel (b): a sketch of the reflection angles
with respect to the incoming one αin.
interlayer crossing processes have zero probability ampli-
tudes. In the limit of Z → 0 we recover the standard
results for S/N junctions. [25] Starting with a different
initial scattering state, e.g., an hole in the BL, we get
expressions similar to Eqs. (23)-(24) but still without a
direct process between TL and BL.
Analytical results
In this appendix we show how to get the analyti-
cal results (6a)-(6b) of the main text. Both results
are obtained assuming that the band overlap is the
dominant energy scale G  max[E ,Γ,∆] — as the
standard Andreev-like approximation in superconducting
junctions. [25] We further assume the superconducting
gap is larger that the excitonic one Γ < ∆ and injection
energy is smaller than superconducting gap : E < ∆. For
zero incidence angle, in these limit we can strongly ap-
proximate the values of the momenta in the three regions:
9κ± ≈
√
m
~2
(√
2G± E√
2G
)
= K0 ±KE (25a)
q± ≈
√
m
~2
(√
2G±
√
E2 − Γ2
2G
)
= K0 ±KΓ (25b)
k± ≈
√
m
~2
(√
2G± i
√
∆2 − E2
2G
)
= K0 ± iK∆ (25c)
For this choice of the energy scale, the coherent function
of the superconductor lead uT/B and vT/B are complex
conjugates, thus we need to carry information of only
one of them vT/B = u
∗
T/B where only uT is relevant.
Whereas in the EC region we need to keep track of all of
them but we can simplify the notation into ue = uh = u
and ve = vh = v. We find the coefficients for the compo-
nents of EC wave function (14) by solving the boundary
problem as first at x = 0 and at x = L, we than im-
pose the equality of the coefficients obtained by at the
two different boundaries. By combining all of these we
obtain the following sets of equations for the reflection
and transmission amplitudes:
tQET2K0uuT + tQHT(KΓ + iK∆)uu
∗
T − tQEB(KΓ + iK∆)vuT − tQHB2K0vu∗T =
eiq+L [2K0u+ rNTT(KΓ −KE)u− rNTB2K0u∗] ,
tQET(−iK∆ +KΓ)uuT + tQHT2K0uu∗T − tQEB2K0vuT − tQHB(−iK∆ +KΓ)vu∗T =
e−iq+L [(KΓ −KE)u+ rNTT2K0u− rNTB(KΓ +KE)v] ,
tQET(iK∆ +KΓ)vuT − tQHT2K0vu∗T + tQEB2K0uuT − tQHB(iK∆ +KΓ)uu∗T =
e−iq−L [(KΓ +KE)v − rNTT2K0v − rNTB(KΓ −KE)u] ,
tQET2K0vuT − tQHT(KΓ − iK∆)vu∗T + tQEB(KΓ − iK∆)uuT − tQHB2K0uu∗T =
−eiq−L [−2K0v + rNTTv(KE +KΓ) + rNTB2K0u] ,
tQET2K0vu
∗
T + tQHT(KΓ + iK∆)vuT − tQEB(KΓ + iK∆)uu∗T − tQHB2K0uuT =
−eiq+L[(KΓ −KE)urATB − 2K0vrATT] ,
tQET(−iK∆ +KΓ)vu∗T + tQHT2K0vuT − tQEB2K0uu∗T − tQHB(−iK∆ +KΓ)uuT =
−e−iqL[2K0urATB − (KΓ +KE)vrATT] ,
tQET(iK∆ +KΓ)uu
∗
T − tQHT2K0uuT + tQHB2K0vu∗T − tQHB(iK∆ +KΓ)vuT =
−e−iq−L[(−KΓ +KE)urATT − 2K0vrATB] ,
tQET2K0uu
∗
T + tQEB(−KΓ + iK∆)uuT − tQEB(−KΓ + iK∆)u∗u∗T − tQHB2K0vuT =
eiq−L[(KΓ +KE)vrATB + 2K0urATT] .
We can solve these eight equations with respect to the 4 reflections and transmissions amplitudes we obtain:
rATT =
4
(
Im[u2]
)2 |uT|2
u2T
(
u∗4e−2δ + u4e2δ
)− |u|4 (u∗2T 4 sinh2 δ + 2u2T)
=
a2
√
1 + b2
[−a2 cosh(2δ)− ab sinh(2δ)] + i[2b sinh2(δ) + a sinh(2δ)− ba2] (26a)
and
rNTB =
2 sinh(δ)|u|2
[
u2
(
u∗
2
T e
−δ + u2Te
δ
)
− u∗2 (u2Te−δ + u∗2T eδ)]
u2T
(
u∗4e−2δ + u4e2δ
)− |u|4 (u∗2T 4 sinh2 δ + 2u2T)
=
4 sinh(δ)|u|2i [a cosh δ + b sinh δ]
[−a2 cosh(2δ)− ab sinh(2δ)] + i[2b sinh2(δ) + a sinh(2δ)− ba2] , (26b)
where in Eqs. (26a) and (26b) we have introduced a =
√
Γ2 − E2/E and b = √∆2 − E2/E , the constant δ = LξΓ
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FIG. 6: Differential resistance as a function of the applied
bias and different length of the EC region. In the figure
we have set Γ = 1, ∆ = 12Γ, G = 60Γ and HSM/EC =
HEC/SSM = 0.5, The parameters are chosen in accord to
Ref. [9, 31]. The different lines refer to L = 0 (black-solid
line), L = ξΓ/2 (red dashed line), L = 0.7ξΓ (blue dashed-
dotted line), and L = ξΓ (orange dashed-dashed-dotted-
dotted line).
has been introduced in the main text. The other two
reflection amplitudes rNTT and rATB are smaller than the
two in Eqs. (26) by an order 1/
√
2G and thus negligible,
further, for energies smaller than the superconducting
gap ∆ the transmission probabilities are zero.
If we consider the limit of a long junction δ  1 we
find that rATT → 0 and rNTB → 1, exactly as we have
sound for the full numerical problem in the main text
(c.f. Fig. 2 main text).
Case of HgTe quantum wells
The experiment by Kononov et al., [9] explored the
transport properties of a hybrid junction consisting of a
HgTe quantum well (QW) with a width of circa 20 nm.
From previous studies, the authors know that the system
is a indirect SM, with a small bands overlap. [31] This
makes HgTe QWs candidates for observing a direct EC
phase. Specifically in the experiment of Ref. [9], the QW
is sandwiched between a normal and a superconductor
contact. The transport measurements showed a zero bias
anomaly in the differential resistance with an energy size
comparable with the estimated EC gap of the system. [9]
We can use the results presented in the main text in
order to explain the zero bias anomaly of the hybrid
SM/EC/S junction. Assuming that the momentum dis-
placement between the conduction and the valence band
is small enough to be negligible, we can evaluate the
differential resistance so as explained in the main text.
The actual values of the system parameters can be ex-
tracted by Refs. [9, 31] and have: G = 3.0 meV, Γ =
0.05 meV and ∆ = 0.6 meV, which should correspond
to a (Nb/FeNb)/HgTe structure explored in Ref. [9], we
have further set a finite transparency of the two interface
barriers HL = HR = 0.5. [9] For these parameters value
we have an EC coherence length of ξΓ = 955 nm.
The results for the differential resistance are shown in
S-Fig. 6. The black solid line describes a SM/SSM junc-
tion (L = 0), and coincides with the well-known results
of the BTK theory after integration over injection angle
(main text). [30] It is important to note that ∆/G = 0.50
and hence the differential resistance at zero voltage is not
exactly equal to 0.5G−10 , which would be the result ob-
tain in the leading order when ∆/G 1. By increasing
the length of the EC region we obtain peak in the differ-
ential resistance at energies smaller than ∆. This result
resemble the experimental observations of Ref. [9] that
has been attributed as a manifestation of the EC phase.
The experiment of Ref. [9] also shown features in the
superconducting sub-gap conductance that resemble the
multiple-Andreev reflections (MARS) processes in volt-
age biased Josephson junctions. [33]. In principle such
sub-gap features are unexpected, since in the experiment
by Kononov et al. [9] there is only one superconduct-
ing electrode. Our model is also done for an unique S-
electrode and in a quasi-equilibrium situation and there-
fore cannot describe MARS-like processes.
